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Molecular Mechanics Simulation
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Dimension Reduction

Coarse-Graining g
W ‘:k potentials
- Em‘b_i’r--iéal
H DFT QM
Quantum
Monte Carlo
Quantum
Chemistry
Electronic Structure — Interatomic Potential (Surrogate)
OFFLINE
HR, {y Dy = €y, E(R) = E(c; R)
Suppose we only want mechanics ... E ~ E9™ to within arbitrary accuracy s.t.
E"R) = Z (R, {¢,}, {w}) COST(E) < COST(E®Y)

Today’s talk: how (multi-scale) analysis techniques can help understand or even
support ML-backed coarse-graining? lTowards an end-to-end theory ...



Interatomic Potentials

ER) =Y eR)  where R,={r;}

l

JEN@)

EAM: e(R) = Y V) + F( 3, p(ry)
J

until ca 1995:ad hoc modelling,
some formal asymptotics

S.-W.: e(R;) := Z 52(’";']') T Z 83(’”1717”,:,'2, Hijljz)
Jj J1<J> NOT SYSTEMATIC!

2005 onwards: Machine-Learning
> revisit interatomic potentials

ML.: S(Ri) := universal approximator from this new perspective!
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Transferrability via Spatial Decomposition

We want to perform large-scale materials

simulations that cannot be done with DFT;

O(10k) to O(IM) atoms
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Parameterisation of Site Energy:

ER)= ) e®R)= ) &cR)

l l

- can train on small configurations!!!
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Rigorous Approximation Result NB: C = C(, gap) as well

HR, {y Dy, = ey
E™R) = F (R, {}, {y})

Our Claim:

EMR) = ) eMR)
0e M ({ry}))
or;

m

< Cexp( — Crim)

Theorem [Chen, Thomas, CO, 2019]
[ Thomas, 2020]

For a wide range of tight-binging models
(implicitly assuming charge screening)

(1) c~gap +p~! for B € (1, ]

(2) Point spectrum (defect) does not
affect the result.

(3) For nonlinear models, provided
dielectric response stable



Curse of Dimensionality

EMR) = ) eMR)

In practice: #R; contains ca 30 to 100 atoms ...
... high-dimensional approximation



Body-order Expansion (HDMR, ANOVA, ...)

e.g. Stillinger-Weber, MEAM, ...

always truncated and N = 2
i.e. body-order = 3

e™M(R,) := eV + 2 e, )t 2 e (r Fij Tijy» €OS Uy )
J1

J1<J>

3 N B
+ Z ()(i‘ljl, ijy? 1]3) + oot Z el )(rl]1 rijN) body-order = N + 1

J1<U><J3 J1<--<Jy

- For MLIPs: truncating at N << #R. reduces dimensionality of the parameterisation
(N) dN

- Much easier to reason about approximation of "/, since defined on |

- conflicting folklore ... general belief this expansion need not always converge and often
might converge very slowly ... this is based on the vacuum cluster expansion



Rapid Converging Many-Body Expansion

° (1) Metal

Theorem [Chen, Thomas, CO, 2021}

For linear tight-binding models Bernstein ellipsi = contours of g

c~ gap + 1/ (2) Insulator
for all configurations R; within
one crystalline phase of the material
NB: C = C(p, gap) as well, more complex.

Classical potential theory (e.g., Ransford, Saff)
generalisation to non-interval sets
(closely related to BOP theory)
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Modelling: Atomic Body-Order Expansion

ER) = ) eR)

l

3-body : cost ~ (
eMR) := eV + Z eM(r, i)+ Z e (r 7 Tijy» €OS Oy 1) !

R)*

e.g. Stillinger-Weber, MEAM, ...

J1<J>

3 v N
+ Z ()(rljl’ ij? 1]3) + et 2 P )(rlh N l]N) +0(e=M

J1<»<J3 J1<-<Jn

cost ~ ( Ri)3 cost ~ (#R )" /v

of approx. in |

+ additional cost

3v

- the exponential scaling severely limits the utility of the body-order expansion!

traditionally truncated at 3-body, with highly simplified 4-body for molecules
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Atomic Cluster Expansion (1) (an aside)
Drautz, 2019; Seko et al 2019; Dusson et al, 2019 ...

l] 1 l]z 112 JN

i (=5
— O 4 Z U(l)( U (r r, ]2) T e 4 i U(N)( ]N)
invariance) @ @

8(N)(Ri) =V 4 Z 8(1)(7'l-j) + e(r cos@..)+ - + E(N)(l”jl, .

(permutation Ji
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Expand U N)(#) in a tensor pbroduct basis

cost ~ #(k )" + #k X #R.

Exploit tensor product structure to

exchange Z and H

COSt ~ 7

H(k,) X N + #k X #

‘R.



Atomic Cluster Expansion (3) rtok Coa Kondor 2010
Drautz, 2019

: : . L D , ..., CO, 2019
[I] Atomic basis / density projection: usson

‘  R basis functions

A, =) r) BT) = (@) = Py (DY)
J

(to explicitly resolve the O(3) integral)

[2] Symmetric basis / N-Correlations:

Thm: basis of permuation-invariant

Avla---aVN - I lAvt multi-set functions
[

[3] ACE Basis / Symmetry-adapted N-Correlations: > X =%¢-AR)

where € is sparse (Clebsch-Gordan coefficients)

le,..., = jL Avl,.--,vN o 0 dQ classical representation theory of O(3)
0(@3)




Approximation with Invariant Polynomials

(earlier results by Shapeev, 2016)

APPI’OX.Th)’.: Bachmayr, Chen, Dusson, Thomas, CO [2021] ComP|eXit)’ [Kaliuzhni, CO, 2022]

Under the assumptions of our previous results ... ] :
° ° Construct algorithm to evaluate ACE with

”gqm . 8aceHoo S e~ Ul eut 4+ e—a2N+ e—a3D

COST ~ 2 -#PARAMS

how to balance errors, ... cost estimates,
asymptotically as D — oo.

[log PARAMS|*? (Note this is independent of body-order!)
! log log PARAMS

[ — ™| S eXP( -

Results quantify how approx. symmetric functions is much easier. Intuitively (N!)~! less information, but
technically one needs to work with generalisations of integer partitions [Hardy, Ramanujan, |918]
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Systematic Convergence Test - Si training set

109 |

Energy [eV /atom|]
S

ek
N
DO

1073 L

102 10° 104 104 10-3 10~2
Basis size Time [s/atom]
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- - GAP - PRX 2018
Potential for Si (1) CAP - PRX 20
Cvd Oord, 2021
linear ACE: e
corr-ord=>5
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M O I EC U |eS David Kovacs et al, 2021

MAE / eV

2X 1074 — ACE _ ACE
—e— FCHL 6x 1073 —e— FCHL
—— sGDML | —e— sGDML
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1072 % ,
- — 3X%107°;
L
<
=
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6% 1073 ¥ ! l
4x1073- J
50 100 200 400 600 50 100 200 400 600
# of training examples # of training examples
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Example: MoNbTaW Cas van der Oord

14:30 to 15:00 - Hyperactive Learning (HAL)

14- — T. CALPHAD * Phase transitions found
using Nested Sampling
e * Nested Sampling

T1 w T> integrates partition
function by exploring
entire configurational
space

=
o

Cp [10—> eV/atom]
o o0

 Requires potentials to be
accurate, robust and fast

Tm
/ ) (~ ms/atom per force call)

&/ * ACE potential using HAL
database

AN

0 500 1000 1500 2000 2500 3000 3500 4000
Temperature [K]
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Physics-Informed Nonlinearities

EAM: e(R) = Y V) + F( X, p(ry)
J

. Efficient parametrization of the atomic cluster expansion
Drautz (2019) : ) P
(E AM FS BO P in S | red) Anton Bochkarev©,” Yury Lysogorskiy ©,” Sarath Menon @, Minaam Qamar, Matous Mrovec @, and Ralf Drautz
) ) P ICAMS, Ruhr-Universitidt Bochum, Bochum, Germany

1.0 A

eR;) = ¢(R;) — /@ (R)) 0.5 -

Train

LL
0p
>
| = ol BB
where each ¢; is an ACE =
(linear parameterisation of an T .
atomic many-body expansion)
Test
1.0 -
C Cu Ethanol

overarching idea: decompose a property into local, low-body-order, smooth components



Physics-Informed Nonlinearities

overarching idea: decompose a property into local, low-body-order, smooth components

Drautz (2019) : e(R) = p(R) —/pr(R))
(EAM, FS, BOP inspired) 1 ’

Recall the truncation error of body-order expansion: D@1, 9) = @1 = /P,

E QM(Ri) — & (N)(Ri) | S Ce —eN

Theorem [Chen, Thomas, CO, 2021] Theorem. [Chen, Thomas, CO, 2021]

(N) _
¢™) = linear ACE model, then e =0ey, ..., py)

c~ gap + 1/p where @), are linear ACE models, then

for all configurations R; within c~ gap + 1/p
one crystalline phase ‘uniformly across all phases




Test RMSE (meV/atom)

Performant implementation of the atomic cluster expansion (PACE): Application to
copper and silicon

Yury Lysogorskiy,! Cas van der Oord,? Anton Bochkarev,! Sarath Menon,! Matteo Rinaldi,’ Thomas
Hammerschmidt,! Matous Mrovec,! Aidan Thompson,®> Gadbor Csanyi,? Christoph Ortner,* and Ralf Drautz’

10.0 -
‘ % ACE © NNP
. O O GAP O SNAP
5.0 - O O MTP @ QgSNAP
‘ Q
<§A\\r‘ 2
. . o
\\\\ ‘e
\ @
1.0 - \\ <. e 8 5 B
I \ R O g©
oe _ R S S ‘o
| |Cu| ~~~__
il _-.*
0.2
1072 1071 10°

Computational cost (ms/(MD step - atom))

Reproducing a benchmark of

Y. Zuo, C. Chen, X. Li, Z. Deng, Y. Chen, J. Behler,
G. Csanyi, A. V. Shapeev, A. P. Thompson, M. A. Wood,
and S. P. Ong, J. Phys. Chem. A 124, 731 (2020).

% ACE O NNP
0l X O GAP O SNAP
o ' o O MIP @ qSNAP
— \ | -
g S o O
E " OO.
> 10 - ™ o oF L
Q \‘ Q O
E N @ O O o O
L \ @
W K A O
s NN
o \\
_‘g)_), 5 7 \\ \\\Q L
- * ~<~.O
Si \
P
2 i UL | JILILE | JL
1072 101 109

Computational cost (ms/(MD step - atom))

* nonlinear ACE: pacemaker (Drautz group)

linear: ACE| jl




Coarse-graining across all the scales

= —VFu) + T+ Tw)W

coarse-graining

dynamical systems [\ ‘
H = H(R) ‘-

e.g. tight-binding /-\

approximation

/-\(TTH\‘VL X /j:j

homogenisation with symmetry?

Coarse grained
molecular

‘ngk\'
jﬁ» Interatomic

potentials

B
Empirical

QM

Quantum
Monte Carlo

MLIPs

Quantum
Chemistry
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Coarse-graining across all the scales: L. Zhang, B. Onat, G. Dusson, G. Anand, R.J.
Maurer, CO and JRK, arXiv:2111.13736

Self'COnSiStent Hamiltcnian Analysis - Jack Thomas, H Chen, CO, 2021

H = HR)

e.g. tight-binding
approximation

Finite elements

Coarse grained
molecular

A Interatomic
o potentials
Empirical
QM

Quantum
Monte Carlo

Quantum
Chemistry
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Example: Self-Consistent Hamiltonian

Start from KS-DFT Same principles apply as for site potentials
with Atomic Orbital Basis |
pie = P(Ri) L — locality
H=-A+YV —
of =p({ry} _ )+ 0@
] ~'cut
Hy, = €y, _ _
=p P (iry}, , )+ 0@ + 0(e™2)
y ~'cut
Pi = Za [l//a]i2 \
Yukawa .
[Veﬁ] = %[ Pi] L Coulemb- many-body expansion

= Parameterize the Hamiltonian by an Equivariant ACE Model

25



ACE Param. of a Self-Consistent Hamiltonian

E.e. KS-DFT (FHIlaims) “Learn” the self-consistent Hamiltonian in atomic orbital basis

ap __ 0/
H=—-A+YV H P = A 'B(R]]) where R;; = bond environment
eff 1J
Hvur = ey
Vi i %05,5 o Q — D? %O‘ﬁ (Dﬂ)* = use equivariant ACE expansion
eff T [(l//l) ]
ps | ps ds same principles apply:
S locality & many-body expansion
ey leololsal o0 | op " = Expand each block as an ACE
Il ] of
zsp spsp pp PP dp aﬁ —_— aﬁ
o HPR,) = ) ¢, XP(R))
z:sd sd/sd  pd nd dd y \
D R equivariant
ACE basis

L. Zhang, B. Onat, G. Dusson, G. Anand, R.J. Maurer, C. Ortner angsJRK, arXiv:2111.13736



Prediction Accuracy

Fit Al hamiltonian to bcc and fcc MD data, predict band structure and DOS (fit to FHIlaims)

(b) 3-body Offsite H; — H),

—— S
- sp
& sd
- ps
T PP
- pd
-~ ds
- dp
— dd

Energy / eV

=20 1 1 L ] 1
0.0 0.1 0.2 0.3 0.4 0.5

RMSE / eV

Convergence Test
Band Structures

Energy / eV

10735

6 8 10 12 14
. _20 _20 1 1 1 | 1
Maximum degree r H Y r P H “0.0 0.1 0.2 0.3 0.4 0.5

L. Zhang, B. Onat, G. Dusson, G. Anand, R.J. Maurer, C. Ortner angk JRK, arXiv:2111.13736




Orthogonal Perspective: Focus on the Properties

Target Problem:

VE/“Ry") =0

- —/

QM p QM _
VEMERAM) = 0

Y Wang, CO, in prep

bredict on domain 0.M]°, M large

[1] A general (but useless) result:

force error, simulation domain

IRPM — RY Iz S | VESMR2M) — VENMRIM) |

remember we train on small [0,L]° domain, L < M

T

L

l

+ perturbations



Error in Terms of Training Data Y Wang, CO, in prep

[1] A general but useless result: . . .
force error, simulation domain

IR — RMU|[ < | VEQMRM) — v EMLROM) |

[2] Split Force Error into Training Error + Interaction: remaining
uncontrolled
force error, training domain / error
. M ML M, p QM ML, p QM ~3/2
Point Defects IR — Ry Ml S | VEPMRPM) — VE R | + L7

elastic constants error (CLE)

Dislocations IR — Ryl S I VEPMRM) — VEMR2Y | + | CM — VM| + L7



Error in Terms of Training Data Y Wang, CO, in prep

[1] A general but useless result: . . .
force error, simulation domain

IR — RMU|[ < | VEQMRM) — v EMLROM) |

[2] Split Force Error into Training Error + Interaction: remaining
uncontrolled
force error, training domain error
. M ML M, p QM ML, p QM 2
Point Defects IRM — RMY||. < [ VEMRM) — VEMLRM) | + D/

+L7?||[FCMM — FCMMY|| + L2

force constants error

elastic constants error (CLE)

Dislocations IRPM — Ryl S | VEPM(RY) — VE)™RPM) | + [CM — Y| + BE
+ L7 oM — MY 4 L2

virial error




Preliminary Example

Point Defects

Vacancies & Interstitials in EAM-W

|IDu — D,

x 101

x 1071 1

x 107!

1071 4

@ Lp=7
e~ Lp=8
- Lp=9
- L,=10

- =+ ~(RMSE~1)"!
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-~
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-~
-~
-~
-~
~
-~
~
~
~
~
-~
~

force error, training domain

|E(u) — E(0)|

x 1071

x 1071

x 1071 4

x 1071

IRM — RMU||, < | VEMRM) — VEMLRM) | + HE

remaining
uncontrolled
error

+L7?||FCMM — FCMMY|| 4+ L7

force constants error

"' Lp=7
—h— L1)=8
‘-' Lp=9
- L,=10

== ~(RMSE~1)~?
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~
\\
~

~
~
~
\\
~

~
\\
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~
~
\\
~

@

~

~
~
\\
~
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Conclusion: Coarse-graining with ML

- Classic analytic modelling
- keep track of approximation steps = end-to-end error control
- Use ML to fill in the gaps

Coarse grained
molecular

<+— ab initio -
OO

4 J
= .’r'L\'I 1

NN

ety
p/:_,\ Interatomic
(o b potentials
(//////]
Empirical
QM
Quantum empirical no longer !
Monte Carlo
Quantum
Chemistry

Main GAP: Long-range charge equilibration - but see forthcoming work from Jack Thomas...
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