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Motivation : Kohn—Sham model (1965)

Compute the electronic density of a molecu-
lar system.

Mathematical problem : M nonlinear eigen-
value equations in 3D

Find M orthonormal eigenfunctions
M
=~ (@) e X = {0 =61 om) € [H@]"| [ 6101}

with corresponding lowest eigenvalues \Y, ..., )\%/,, such that

M
(_A + VR P[mol) ¢ = A¢l, i=1,...,M, with Ploo] = 22 6?12,

i=1

Difficulties : Several eigenvalues to compute, possibly degenerate,
nonlinearity.

How to estimate the discretization error ?
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Wish-list for a good error bound

Computed solution: (P, \)
[

Exact solution: (®°,X°) ”n
‘ H

The goal is to derive an inequality of the type :

(92, A%) — (&, \)||> < n(disc., algo.,...) = Error bound

Properties of the error bound :

1.

ok N

Computable upper bound of the error
Valid under checkable assumptions
Efficient (close to the error)

Cheap to compute

Allow adaptivity



Outline

Error estimation for a linear eigenvalue problem



Towards fully guaranteed error bounds

Add error bars to simulations ?

In that direction, some fully guaranteed bounds for (mostly linear)
eigenvalue problems appearing in different contexts :

» Vibration problems in mechanics

» Neutronics

» Stability constants in implicit function theorem

» Arises from minimization problems with norm constraint



Towards fully guaranteed error bounds

Add error bars to simulations ?

In that direction, some fully guaranteed bounds for (mostly linear)
eigenvalue problems appearing in different contexts :

» Vibration problems in mechanics

» Neutronics

» Stability constants in implicit function theorem

» Arises from minimization problems with norm constraint

Eigenvalue error estimation : Kato 1949, Aronszajn 1951, Bazley-Fox 1966,
Weinstein 1972, Beattie-Goerisch 1995...

Eigenvalue and eigenvector estimation : Grubisic and Ovall 2009, Liu and Oishi
2013, Sebestova and Vejchodsky 2014, Carstensen and Gedicke 2014, Liu and
Vejchodsky 2019.

Goal : estimation of the error without uncomputable terms, and with
checkable conditions.

Canceés, Dusson, Maday, Stamm, and Vohralik, Math. Comput. 89 (2020). 5/32



An eigenvalue problem

Setting : A is an operator on a Hilbert space H with domain D(A)
» self-adjoint
» bounded below (A is a positive definite operator)
» with compact resolvent.

There exist 0 < A\; < Ap < ... < A\ = +00 and (pk)k>1 such that

Vka A Pk = Ak@ka
Discretization : Find (¢xhn, Akn) € Xp X R such that

A ©rh ~ NchPkh-

Goal : Find guaranteed error bounds for ||k — @k|| and [Akn — Akl

Examples :
» Laplace operator : —A
» Schrodinger operator : —A + V/, with V € L*(Q).

6
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Approach

Analysis based on the residual :
Res(in, Ain) = Apin — Ain@in
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Approach

Analysis based on the residual :
Res(in, Ain) = Apin — Ain@in

1. Abstract estimations : linking the quantities

lpin — @ill,
IAY2(0in — @), to [IRes(@in Ain)ll_1 = |A"Y2(Apin — Aingin) |-
|Ain — il

2. Estimation of the dual norm of the residual
||IRes(in, Ain)|| _; difficult to compute.

Reconstruction of a flux oj,.
Link ||Res(@in, Ain)||_1 to oin.

3. Estimate constants in the estimations
Lower and upper bounds in the eigenvalues

4. Gather all estimates



How to deal with clusters of eigenvalues

We want to compute eigenvalues (Am, ..., Ap) and corresponding
eigenvectors (©m, ..., ©Mm)-

Problem : degenerate/almost degenerate eigenvalues, eigenvectors not
uniquely defined

Work with orthogonal projector - density matrices :

M
v = Z lei (@il orthogonal projector on Span(@m, ..., M)
i=m

M
=" lpmdlenl,  orthogonal projector on Span(Pms - - wn)
i=m

Errors measured on the sum of eigenvalues and Hilbert—-Schmidt norms of
density matrices :

e

(Ain — i), IAY2(y — vb) e, (30)

]

m



Abstract a posteriori error estimation

> The norm ||AY/2 e || is referred to as the energy norm.
Example : if A= —A, |[AY2e| =|Ve].



Abstract a posteriori error estimation

» The norm ||A/2 e || is referred to as the energy norm.
Example : if A= —A, |[AY2e| =|Ve].

Assumptions : there holds
» \; simple eigenvalue,
» | Key assumption : \;_1; < Ajy when i > 1 and Ajp < Ajy1,

XNi—1 i Ain Aiga

I L I
1 1 ] >

» Conforming approximation : (@jn, Ain) € X X RT, ||pinll 2 = 1,
\|A1/2<p,-h\|f2 = \jn (for simplicity of the presentation).



Linking the errors to the residual

Theorem [Eigenvalue bounds and eigenvector bounds]
(Cances, D., Maday, Stamm, Vohralik) : Under the above assumptions,

A = i < 1A (g5 = i)
2
IAY2(0; — i)™ < [Res(oim, Am)lI” 1 + (\in + ) loi — ol
~_1
llpi = @inll < V2Cy 2 [Res( i, Ain) |15

~ . i\ Ain )2
ih -= i— 1- 7)\1' 1- )
Cin := min {)\ ! ( >\i1> i ( )\i+1>

Valid for any conforming discretization method

What remains to estimate :

> [[Res(in, Ain)ll_y

» C;, : requires coarse lower bounds on the eigenvalues

10/32



Dual norm of the residual estimation
based on work by Ern and Vohralik

Additional assumptions :

0- Laplace operator : A= —A.
1- Piecewise polynomials. There holds

Pin € Pp(ﬁ), p>1
2- Galerkin orthogonality of the residual to i, . There holds
Ain(@ity Va)wa — (V@in, Viba)w, = (Res(@in, Ain), Ya)xr,x =0 Va € X

11/32



Reconstruction and residual equivalences

Equilibrated flux reconstruction :
o, € X, C H(div, Q), V-oin = Ain@in

for each a € A&}, define of, solution of a local problem. Then set

oin = Z o, € H(div, Q).
acxy

We obtain
IRes(@in, Ain)ll_1 < IV@in + ainll 2, < (d + 1) Gt Coont, PR || Res(@in, Ain)||_1-



Estimation of the constants

. ~ . Ain 2 Ain \2
Estimate Chi=minq X1 (1———) ,Aiq1(1— .
i1 Ait1

» upper bounds on A;_1 : A\j_3.
» lower bounds on A\j11: A g

Different methods to get lower bounds :
» Liu and Oishi (on convex domains for d = 2), Carstensen and Gedicke,
Liu (non-conforming method) on a coarse mesh
» Principle of domain inclusion :

G 5 QcQt = A > )\k(Q+)
0 Q- CQ:>)\k§/\k(Qf)

Q-

QF ot

» Practical strategy : Aii1 = A(iy1)n-
13 /32



A posteriori estimates

Combination of the different ingredients :

1. Estimations of ||¢i — @inll12, IV (@i — @in)ll12, Ai — \in in terms of
[Res(wins Ain)l 1

I9(pi = eml* < |14 2(Nin + M) Cin] [IRes(pim, A1
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A posteriori estimates

Combination of the different ingredients :
1. Estimations of ||¢i — @inll12, IV (@i — @in)ll12, Ai — \in in terms of
[Res(@in, Ain)ll _y
2. Estimation of ||[Res(pin, Ain)||_; in terms of [|[Vin + o2
3. Dealing with the constants (coarse lower bounds of eigenvalues)

IV(pi = eml* < |14 2(Nin + M) Cin] [IRes(pim, A1
[1 + 2(N\in + Af)zih} IV oin + il

IN

IN

min||Veoin + oinl| 72

14 /32



Final estimations

Theorem (Cances, D., Maday, Stamm, Vohralik) :
it <An— XN <n7 and [|V(pin— i)z <,

ni = Mip||Voin + oinlli2, i = i(rin)-

m;p can be asymptotically brought to 1 under additional regularity assump-
tion.

Possible extensions :

» Nonconforming methods : Nonconforming finite elements,
Discontinuous Galerkin method, mixed finite elements

» Inexact solver : error balance between iteration and discretization error

Canceés, Dusson, Maday, Stamm, and Vohralik, SIAM J. Numer. Anal., 55 (2017),
pp. 2228-2254.



Comparison with single eigenvalue case

We want to compute eigenvalues (Am, . ..

eigenvectors (©m, ..., ©Mm)-

,Am) and corresponding

One eigenvalue case

Cluster case

M
Eigenvalue error (Ain — i) Z()\;h — i)
Energy error IAY2(0i = o)l | IAY2(v = ) lsn30

Residual

IRes(win, Ain)ll _1

1A~ Res(yh) [l

16
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Comparison with single eigenvalue case

We want to compute eigenvalues (Am, . ..

,Am) and corresponding

eigenvectors (©m, ..., ©Mm)-
One eigenvalue case Cluster case
M
Eigenvalue error (Ain — i) Z()\;h — i)
Energy error IAY2 (i — i)l | IAY2(y = n)lle, 0
Residual [Res(ins Ain)l| 1| A~ *Res(yn) lepm)
Residual :

Res(vh) := (1 — vn)Aya
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Comparison with single eigenvalue case

We want to compute eigenvalues (A,

eigenvectors (©m, ..., ©Mm)-

..y Am) and corresponding

One eigenvalue case

Cluster case

Eigenvalue error

(Ain — Ai)

M

Z()\ih — i)

Energy error

A0 — | 1A (v DIE

Residual

[Res(in, Aim)ll_y | A~ "*Res(yn) ey

Residual :

Res(vh) := (1 = vn)Avn

Errors measured in Hilbert—Schmidt norm : for an operator B € L(H),
and (ex)k>1 an orthonormal basis of H

1/2
Tr(B'B)Y2 = | 3 |Ber|? | .
k>1

|Blle,30) =

Scalar product :

(B, C)era) = Tr(BTC)

= (¢i, B Ce1).

i>1

16
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Different estimates

Link between cluster and single eigenpair residuals (Cances, D., Maday,
Stamm, Vohralik) There holds

M
A7 Res(10) R = 3 IResom Ain) 21

i=m
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Different estimates

Link between cluster and single eigenpair residuals (Cances, D., Maday,
Stamm, Vohralik) There holds

M
A7 Res(10) R = 3 IResom Ain) 21

i=m
» Exact eigenvectors : % = (o, ..., 0onm).
» Discrete eigenvectors : @, = (©mp, - - -, PMh)-
» Rotated discrete eigenvectors : &0 = (09, ... %, ) such that

O = (Cops - - -, 9%n) 1= argminge o |UPH — 0,

Link between density matrix and eigenvector errors (Cances, D., Maday,
Stamm, Vohralik) There holds

1
%H’Y — Yalleyry < N19° = PR < NIy — Yalleya0):

1
EHAW(’Y — )lley(y < IIAY2(S0 = BD)| < CIIAY2(y = )l 20y

17 /32



Laplace operator, Square, finite elements

Cluster with 2 eigenvalues : m=2, M = 3.

m=2 M=3

M
EI‘I")\ = Z()\,’h — )\,’),

error

Errpn = [[[VI(y = )l )

0.001 | s ]:_QITL2 = HPY - 7h||62(H)

0.0001

1 1
0.01 0.1

h
Erry <72, Errpn <, Errp> < nje.

0.00001

|AY2(y — “Yh)Héz(H) < ||A71/2R€S(7h)||262(71) + (A + Ay = VhHéz(H)-lg 5



Laplace operator, L-shape, finite elements

Cluster with 4 eigenvalues : m =2, M =5.

1108 |
| ——=—— Erry
100000 - n M

10000 |- Brrpn Erry = E ()\,’h - A
F o n .

1000 ;— —_ ErrL2

100
5 b Errpp = [[[VI(y = )l )

O:: i Err;2 := HV—WH@(H)

o.m;— /

o.nm;—
0.0001 kesvienl A |

0.01 01
h

Erry < 72, Errpn <, Errp> <mje.

M
IAY2 (v = )&, ) < 2607 IIA mReS(Wh)HbZ(H)‘F Iy = l&00- 100



Schrodinger operator, 1D box, planewaves

Operator A

1

0.1

0.01
0.001
0.0001
0.00001

Error

1x10°®
1x107
1x10°8
1x10°
1x10710
1x107"

1x1012 k

=-A+V, Vel®Q).

Cluster with 2 eigenvalues : m =2, M = 3.

—_— Efr N
n

100
ndof

M

Erry := Z()\ih — i), Erry <77,

Err = [[[V](v = v8) e,
EI'I'LZ = ||’7 - rthGz('H)

i=m

Errpn <,
Err;2 < npa.

20 /32



Outline

Nonlinear eigenvalue problem



Problem presentation : the Gross-Pitaevskii equation

Physical problem : Ground state of a system of bosons at very low
temperature.
Nonlinear eigenvalue problem : Find (¢°, \°%) € H;E(Q) such that

0, —
[¢"]li2 =1 and (—A—|— V—i—(gbo)z)gbo:)\oqﬁo.

Setting : 1-Dimensional, Periodic Setting.

Potential Exact solution
7.5 1.4
7
1.2
6.5
6 1
5.5
0.8
5
4.5 0.6
0 0.5 1 1.5 2 0 0.5 1 15 2

X
Remark : \? is the lowest eigenvalue and is simple.

Exact solution : (¢°, \%)
Resolution with planewave discretization and iterative algorithm

N
N

(S



A posteriori analysis—Approach

How to find a guaranteed, computable and guaranteed upper bound
of the error ||¢° — @K |52 ?

Residual-based a posteriori analysis :
Res(, An) = (A + V + (7))l — AN
First-order development of the residual :
0 = Res(¢° A%) = Res(¢f, Ay) + DRes(gx xey(¢° — )
¢° — 0l = —DRes } ) (Res(dff, AR))

» A first coarse bound based on inverse function theorem, writing
16° = @yl < 20DResh ool [IRes(@ly, ARl -2
» A second precise bound valid only in the asymptotic regime, writing
—DRes; 0k Ak) (Res(qﬁf‘\,,)\ﬁ,)) = — A" Res(¢f, \K) + superconvergent terms.

Ref : Dusson, Maday 2017.



Guaranteed bounds
Solve Res(x) =0 with Res: Y — Z.
Inverse function theorem - Newton—Kantorovitch !

Two conditions to be satisfied :

» DRes(x) € L(Y; Z) is an isomorphism
> 2||DRes(x)||z,v'L(2|| DRes(x) ||z, | Res(x)l| /) < 1

2IDRG)MHR

with  L(a) = sup ||DRes(x) — DRes(y)|ly,z-
y€B(x,a) L

X
Then the problem Res(x) = 0 has a unique solution

X, in the ball B(x,2||DRes(x)7Y||z,y||Res(x)]| z')-

|x — x|y < 2| DRes(x) ||z, || Res(x)] z--

Moreover,

» Possible to obtain guaranteed bounds
» Requires control over first and second order derivatives

» Result on existence of solution

1. Caloz, Rappaz : Numerical analysis for nonlinear and bifurcation problems. Handb. Numer.

Anal. 5, 487-637 (1997).
24 /32



First a posteriori bound

To characterize the error bound :
» Determine computable conditions on N and k s.t. DReS(¢;<V7>\;<V) is an
isomorphism
» Find a computable bound for HDReS(?z)%’)‘ﬂ)||H717H1

Extra-computation : Resolution of a discrete linear eigenvalue problem.

Theorems (D., Maday) :

» Guaranteed bound : Under the previous conditions, there exists a
unique (¢, A) such that Res(¢, A) = 0 and

¢ = &l + 1A = AR | < 2v[|Res(¢f, AN)|[ 11 (1)

» Ground state : There exists a computable condition depending on

lp — k|, IX— AK | @K, Ak, 1k, u3, guaranteeing that (¢, \) is the
ground state (¢°, A\°) of our problem.

A coarse a posteriori error bound valid under computable conditions.



Second a posteriori bound

Theorem [Asymptotic error bound] (D., Maday) :
If |¢° — @k || g2 and |AO — AK| are small enough, then we can show that

(1—e(8% — oK, A° = AR)) 16° = on Il < [Res(dp ARl -1 + F (SR> AN s 1)
where

> e(¢° — d)ﬂ‘v, N0 — /\f‘v) ——— 0 can be estimated with the first
60—l 1 —0
bound

> F(¢f, A, ik, 43)) is asymptotically small, and equal to 0 if
1V + 3(6) — A — 1)l 1= = 0.
Asymptotically,
19° — oN Il < aylRes(dp, ANl 1-1,
with af‘v computable and as close to 1 as we wish.

Better bound...but guaranteed only if the error is small enough.

26 /32



Numerical simulations

» Fourier coefficients of
the potential V are

Algorithm convergence to the exact solution

given by Vy = Potential
1 1
Vor [k = F ’
» Reference solution 1
computed in a % i 2

discrete space with
N=500.

Plot of the error during the iterations (N=120)

10°
e
Second bound oy
10'2 F e,
first guaranteed bound
—llu-ugll o
-
107
[
S 1000 Caloz-Rappaz
&
1080
1000
2 .
10
0 5 10 1 20 25



Outline

Combining different sources of errors
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Error balance for efficient simulation

How to perform efficient simulations using error bounds ?

Example : Error estimation comes from different sources 1, 2, 3.
Errioy >~ Err; + Errp + Errs.
Efficient scheme : try to balance the errors
Errqy ~ Errp ~ Errs.

In that direction :
» Discretization and SCF iterations [D., Maday, IMA J. Numer. Anal. (2017)]

» Discretization and eigenvalue solver [Cances, D., Maday, Stamm, Vohralik,
Numer. Math. (2018)]

» Discretization and arithmetic error [Herbst, Levitt, Cances (2020)]

29 /32



Example of error balance

D., Maday, IMA J. Numer. Anal. (2017) : Gross-Pitaevskii-type eigenvalue
problem (in 1d).
Two sources of error : discretization (dimension 2N + 1), iterations (k).

How to get the best compromise between the discretization and the num-
ber of iterations?

1. Decompose the residual into two parts :

pr‘v¢l/<\/ - )‘;(V¢7V = Resy,x = Resy + Resy,
ith L
h Resw = Hyg-10f — M ok
Resk = Hyy 0 Hyofy = Mok + 70

2. Decompose the error bound : essentially,
16°—oNll < anlRes(dn, AN+ < o ([Reswlly-1 + [[Resk]| 1)

3. Compute each of these terms for adaptative refinement. .



Error balance results

Errors

10710

10712
0

erry > 0.lerry

Initialization
sinit yinit
(DR, AN, )

Discretization error
too large:

Increase N

erTior < €

Return

7| @k M%)

Error balance

Iteration error

too large

Evolution of N

One iteration Compute
k=k+1 |—» erTiot
ko \k
(N, AN) erry, err,
else
o,
1201
Ot
first guaranteed bound
HHu-ufll 100
Caloz-Rappaz 80+
bound
Z 60
40+
20+
0
0

15 20 25
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Conclusion

» Guaranteed bounds for clusters of eigenvalues

» Computable bounds available if dual norms of the residual can be
estimated /computed

» Generic framework using density matrices

» Balance to find between computational cost and accuracy of error
bound

Perspectives :

» Non self-adjoint eigenvalue problems
» Dealing with more generic nonlinear problems

M
(—2A+ Rkp[w])qso NG, i=1,..., M, with peo =2 |47
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Perspectives :
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Thank you for your attention.
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