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Example: dislocation glide in Ni-based superalloys

MD simulation of dislocations in ¥ phase Ni

* Aleatoric and epistemic uncertainties
® Model uncertainty: how accurate is
interatomic potential?
— parameters and functional form
* Random microstructures, limited data
* Algorithmic uncertainty in solvers
* Limited transferability: can we model
chemical complexity, e.g. impurities!?

Misfit
dislocs

F Bianchini, JRK and A De Vita, Modell. Simul. Mater. Sci. Eng. 24 045012 (2016) \/\/
F Bianchini, A Glielmo, JRK and A De Vita 3 043605 Phys. Rev. Mat. (2019)
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2. Incorporate uncertainty in modelling. Training in uncertainty quantification will enable

students not only to perform simulations, but also to quantitatively assess their reliability.
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3. Promote robust Research Software Engineering (RSE). Training in sustainable software
development will enhance software usability and extend its lifetime.
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Quantifying uncertainties in electronic structure
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UQ for DFT Exchange Functionals
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* Linear model for meta-GGA exchange energy S "o s R o
E*[n] = E€[n] +/n5x(n(r),Vn(r),T(r)) dr s .. '. . | Ho
E*[n] :/nex(n,Vn,T) dr:/ne)[/EG(n)FX(s,oz) dr §2 L Zj:
E¥[n; €] —ZZ@J [ nbecnPieP ey K

* Assume observed data (experimental atomisation energies, plus energy-volume data)
t follows proposed model on average, with iid Gaussian observational noise

ti ~J N(t | (€X)TEX[n; é]’ /6_1) Lieb-Oxford bound

* Conjugate priors for parameters & and 8 = 2

p(€ | B, mo,So) = N(€ | mo, A 'S0)
p(B ’ d0, bO) — g(ﬁ ‘ d0, bO) 0 1 2 3 4 5

3
soc |V |/n? o= (=1 ) /1VEC

* Standard Bayesian linear regression gives analytic posterior predictive distrib for E*[n]
Use ARD with relevance vector machine to prevent overfitting.

\ A /
\ / /
M. Aldegunde, JRK, N. Zabaras, J. Comp. Phys. 311 173-195 (2016) \\/ \\ /



Propagating uncertainties to bulk properties

* Nested Monte Carlo — sample model coefficients for Ex from posterior

distribution, then fit eq. of state to yield distributions of Bp & ao

* Can also include numerical errors, e.g. Gaussian-distributed with std. dev. |0 meV

* Extensible to other Qols: we also looked at band gaps at KS and GoW level
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Parameterising Hamiltonians from DFT data
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Atomic Cluster Expansion (ACE): R. Drautz, Phys. Rev. B. 99, 014104 (2019) \ /\ /
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L. Zhang, B. Onat, A. McSloy, G. Dusson, G. Anand, R.J. Maurer, C. Ortner and JRK, In press at npj Comput Mater (2022)



Parameterising Hamiltonians from DFT data
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Application to Al: trained on 500 K MD for FCC and BCC.
Can also predict electronic structure along Bain path
and near vacancies without expanding training set.
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Atomic Cluster Expansion (ACE): R. Drautz, Phys. Rev. B. 99, 014104 (2019)
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Quantifying uncertainties in atomistic simulations
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UQ for potentials with Bayesian linear regression
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Uncertainty Quantificationin Atomistic
Simulations using Interatomic Potentials
5 WARWICK
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3) ACE with BLR

o Interatomic potentials (IPs) are widely used in materials modelling and We now shift our attention to the

other disciplines to compute physical quantities of interest (Qols). Atomic Cluster Expansion (ACE) .| e
o IP use offers vastly reduced simulation time/cost when compared with potential [3]; which we view as a lin-
ab-initio methods like density functional theory (DFT), allowing access ear model _
to otherwise impractical time- and length- scales.
e Since IP use also reduces accuracy and increases uncertainty in Qols, VH{R}) = Zwlgbl({R}) ;
we seek a method of calculating statistically meaningful error bars, by i 57
recasting model calibration as a Bayesian inverse problem. Taking advantage of Bayesian Lin-
ear Regression (BLR) and choosing |
]_) Bayesian Inverse Problems a conjugate prior to our Gaussian

Energy (eV)

likelihood, can write down our pos-
terior distribution analytically

For a model V' with coefficients w, some inputs x, targets y and precision
[ on said data, a basic Bayesian inverse problem can be broken into stages;

Figure 3: Representative samples

1. specify prior distribution for coefficients P(w),
! v (w), P(wly) = N(w|u,S), from posterior shown on E-V curve

2 calenilate ikelihood of o1ir model oiven data

lain Best, Tim Sullivan and JRK, Poster (2022)
plus discussions with Ralf Drautz, Yury Lysogorskiy, Ryan Elliot and Mark Transtrum




Gaussian Process regression — GPR

Infer most likely function values given data and prior Posterior
covariance assumptions (typically smoothness) Ip(parameters|datal) o
, o y ., . L (data|parameters) p(parameters)
Prior - distribution over “smooth” functions . Il ]
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Pri . . . . .
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2
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Smoothness set by kernel, e.g. . -
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k(x,x) =vexp ——Z
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Quantifying Parametric Uncertainty

Parametric Uncertainty

0.2 -

Energy E

— Mean function
Parameter samples

Train
surrogates
using small
ensembles

of potentials
(~10% samp)

Predicted / eV

1.4

1.6
Radial distance r

3.8 ’,
e Train ¢
Test 4
3.7 — pre
&
’0
3.6 - &
&
>
R
3.5 | |
3.5 3.6 3.7 3.8

True value / eV

2.0

Propagate
uncertainty
to Qols
(~10°¢ samp)

Example: vacancy formation energy
using Tersoff model for silicon

GP surrogate for parameters — Qol map

trained with LHC design on ~100 points

Calibration wrt noisy experimental data as a
Bayesian inverse problems solved via MCMC
Allows ‘sloppy’ parameters to be identified.
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More details on lain’s poster - lain Best, Tim Sullivan and JRK (2022)
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Quantifying Model Form Error

Parametric Uncertainty
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GAP predictive variance — vacancy migration

4.4 ot > 0.005 eV
- == MEAM

4.2 - ——- TersoffScr
=m=1 GAP

3.4 -

<0.001 eV

3-2 I I I I
0.0 0.2 0.4 0.6 0.8 1.0

path fraction

GP predictive variance V; = 67 = K(%,, %) — k' (K,;;; + 621)"'k Regularisation ¢, ~ 1 meV/atom

l

(based on energies K]. = K(Z%.,R)
at sparse points only) ~ ° il

A. P. Bartok, JRK, N. Bernstein and G. Csanyi, PRX 8, 041048 (2018) \/\/



GAP uncertainty propagation & posterior samples
Interested in size of error in (100) surface energy in Fe predicted by a 2-body + SOAP GAP model

bulk Z l surf Z l 25 —— Analytic mean -

i€bulk iesurf !

E _FE - = Sample mean 1

— i abulk —— PDF (assuming ind.) "

2A 20 4 — PDF fit (inc covariance.) :

— inc. i -

V.=K(R, R, — kT(KMM+ 0.621) Ik 3 Samples (inc. covariance) l
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24 :

Yoap = 2.538 £ 0.036 J/m* = 1.4 % error - :

Yopr = 2.543 J/m* = 0.005 I/m? ~ 0.2 % error :

!

!

= ]

Attempt 2: Assess effects of correlation 0 T ; . —=
by sampling models from GP posterior 2.45 2.50 2.55 2.60 2.65

surf -2
distribution (500 samples, 2-body+SOAP) (ICE eneTgyIm
Yoap = 2.538 £0.018 J/m* ~ 0.7 % error

L. Shenoy, A. P. Bartok and JRK (2021) — https://github.com/lakshenoy/PX915 UQ_Lakshmi \/
Based on Fe GAP database: D. Dragoni, T. Daff, G. Csanyi and N. Marzari, Phys Rev Materials (2018) \/
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Simplified GPR potential setup: Ar trimers

Dataset: 1921 CCSD(T) Ar dimers and trimers ——— GP + total uncertainty (95% CI)

Low-data limit: 1% train, 99% test

E(P)ZE0+ZV2(Tij)+ Z V3(rij, Tiks k)

1<J 1<j<k

Include explicit basis set contrib in 2-body

Va(r) = fao(r)+h"(r)3
f2<r) ~ GP (ka(rvrl))
V3(r) ~ GP(0,ks(r,r"))

Prior for coefficients f ~ 4 (b, B)
Va(r) ~ GP (h(r)" b, ka(r,r") + h(r)" Bx(r"))

Take vague prior limit B~! = 0
obtain predictive mean and cov, indpt. of b

Vo(X,) =fr(X.) + RT3
cov| V3] = cov[f]] + RT(HKy_lHT)_lR)
Design matrix H = [h(r)), h(r,), ...]

R=H. - HKy_lK* and f = (HKy_lHT)_ 1Ky_1y

Energy / eV

0.03

explicit basis + epistemic uncertainty (95% CI)
non-parametric + epistemic uncertainty (95% CI)

0.02

C
o
=

o
o
o

-0.01

—0.02

3 4 5 6 7 8
Distancer/ A

L)-like basis set  2- and 3-body SE kernels

1 ) [ |r — /|2
hl(’f') = E ]{?2(7“,7”) - 5%6Xp ’ /2 | ]

1 a2
hz(’]“) =— T—6 kg(d,d/) = (532)6Xp Z’d d‘]

Gaussian Likelihood E; = A (E(r), 02)

Even for simple model have 7-dim. hyperspace
[529 fza 537 f39 Z/ﬂ39 fSaa

A.P. Bartok and JRK arXiv:2206.08744 (2022) \ / \ /



Predicted energy / meV/atom

Predicted error / meV/atom
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(i) Standard GAP heuristics for hyperparameters

GAP (RMSE 2.1 meV/atom)
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A.P. Bartok and JRK arXiv:2206.08744 (2022) \/\/



(if) Optimise hyperparameters to maximise marginal likelihood

GAP (RMSE 2.1 meV/atom) ML (RMSE 1.7 meV/atom)
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(ii

) Opt

imise hyperparameters to maximise LOO-CV likelihood

GAP (RMSE 2.1 meV/atom)
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Summary and Open Questions

* Statistical UQ methods promise to improve error estimates from data-driven models

* But we risk conflating epistemic (missing data/physics) and aleatoric (random) errors
(cf. discussion group on combining numerical and statistical approaches)

* Gaussian likelihood appealing for practical reasons, but is it realistic for interatomic
potential model form errors? Possible remedies:

* Including explicit basis functions and their contributions to uncertainty
* Improved description of model discrepancy (a la Kennedy-O’Hagan)
* Gaussian — Student-t likelihood distribution
* Gaussian process regression predictive variance sensitive to hyperparameter choices:

* Optimising marginal likelihood doesn’t always improve calibration of prediction
errors - perhaps because it relies on model assumptions being correct

* Optimising LOO-CV likelihood is independent of model assumptions
* Ideally MCMC over hypers sampled from suitable priors (or approx inf: VI, LFl)
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